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Abstract
An algorithm is constructed which allows to express conserved
flows of hyperbolic equations in terms of corresponding conserved den-
sities and to eliminate these flows from conservation laws of hyperbolic
equations. The application of this algorithm to canonical conservation
laws gives constructive necessary integrability conditions of hyperbolic
equations in terms of the generalized Laplace invariants of these equa-
tions.
Let us consider the hyperbolic equation
uxy = F (x, y, u, ux, uy) . (1)
The partial derivatives ∂
i+ju
∂xi∂yj
with i · j 6= 0 can be eliminated by virtue
of the equation (1) and its differential consequences. Therefore, we assume
that all functions depend on the variables x, y, u, ui =
∂iu
∂xi
, vi =
∂iu
∂yi
. We
denote the total derivatives with respect to x and y by virtue of the equation
1
(1) as Dx and Dy, respectively. These total derivatives are expressed in the
variables x, y, u, ui, vi as
Dx =
∂
∂x
+ u1
∂
∂u
+
∞∑
i=1
(
ui+1
∂
∂ui
+Di−1y (F )
∂
∂vi
)
,
Dy =
∂
∂y
+ v1
∂
∂u
+
∞∑
i=1
(
vi+1
∂
∂vi
+Di−1x (F )
∂
∂ui
)
.
Let us consider the differential operator
M = DxDy + aDx + bDy + c , (2)
where a, b and c are functions.
Definition 1. The functions
K0 = Dy(b) + ab− c, H0 = Dx(a) + ab− c
are called the main Laplace x-invariant and y-invariant of the operator (2),
respectively.
The subsequent Laplace y-invariants Hi are defined by the formula
Hi+1 = 2Hi −Dx(Si)−Hi−1 ,
where H−1 = K0 and Si is a solution of the equation HiSi = Dy(Hi).
The subsequent Laplace x-invariants Ki are defined by the formula
Ki+1 = 2Ki −Dy(Ri)−Ki−1 ,
where K−1 = H0 and Ri is a solution of the equation KiRi = Dx(Ki).
The Laplace invariants of the linearization operator
L = DxDy − FuxDx − FuyDy − Fu (3)
of the equation (1) are called the Laplace invariants of this equation.
Let us denote
a0 = a, ai+1 = ai − Si; b0 = b, bi+1 = bi −Ri;
Mi = (Dy + a)(Dx + bi)−Ki; M−i = (Dx + b)(Dy + ai)−Hi;
∇i = Dx + bi; ∆i = Dy + ai;
A−1 = 1, Ai = ∆i ◦ Ai−1;
B−1 = 1, Bi = ∇i ◦Bi−1;
C0 = 1, Ci+1 = ∆i+1 ◦ Ci,
2
where i ≥ 0.
It is easy to prove the relationship
Ci ◦M = ∇0 ◦ Ai − iAi−1 , i ≥ 0 (4)
by induction on i.
Definition 2. A function f is called a symmetry of the equation (1) if
L(f) = 0, where L is defined by the formula (3).
Let f be a symmetry of the equation (1) and
p = Dx(γ) , pui = 0, i > n . (5)
It is easy to verify that the vector field
∂f = f
∂
∂u
+
∞∑
i=1
(
Diy(f)
∂
∂vi
+Dix(f)
∂
∂ui
)
commutes with the total derivatives Dx and Dy. Therefore, applying ∂f to
(5) we obtain that the operator p∗−Dx◦γ∗, where q∗ denotes the linearization
operator of the function q,
q∗ =
∂q
∂u
+
∞∑
i=1
(
∂q
∂vi
Diy +
∂Q
∂ui
Dix
)
,
maps any symmetry into zero. Hence,
p∗ −Dx ◦ γ∗ = 0 mod {L,Dx ◦ L,Dy ◦ L, . . .} . (6)
We rewrite
p∗ = ξ0 +
∑
∞
i=1(ξ−iAi−1 + ξiBi−1) ,
γ∗ = η0 +
∑
∞
i=1(η−iAi−1 + ηiBi−1) .
(7)
Using the formula (4) we rewrite (6) as
ξn = ηn−1 ,
ξi = (Dx − bi)(ηi) + ηi−1, i = 1, n− 1 ,
ξ−i = (Dx + Fuy)(η−i) + η−(i+1)Hi, i ≥ 0 ,
(8)
where Hi are the Laplace y-invariants of (1), bi = −Fuy −
∑i−1
j=0Rj.
3
Let us denote
δn−1(p) = ξn ,
δi(p) = ξi+1 − (Dx − bi+1)(δi+1(p)), i = −1, n− 2 ,
δ−i(p) = Hi−2 . . .H0ξ1−i − (Dx − bˆi−1)(δ1−i(p)), i ≥ 2 ,
(9)
where bˆi = −Fuy +
∑i−1
j=0Qj , Dx(Hj) = QjHj. The equations (8) imply in
this notation that
ηi = δi(p), i = 0, n− 1,
η−iHi−1 . . .H0 = δ−i(p), i > 0 .
Since there exist k such that γvi = 0 for all i > k and, therefore, η−i = 0,
i > k, we prove the following
Proposition 1. If p ∈ Im Dx, then there exist k such that δ−i(p) = 0
for all i > k.
Let us consider a conservation law
Dy(p) = Dx(γ), pui = 0, i > n .
Repeating the slightly modified above calculation we obtain
(Dy + Fux)(ξn) = ηn−1 ,
(Dy + Fux)(ξi) + ξi+1Ki = (Dx − bi)(ηi) + ηi−1 , i = 1, n− 1,
(Dy + Fux)(ξ0) + ξ1K0 = (Dx + Fuy)(η0) + η−1H0 ,
(Dy − ai)(ξ0) + ξ1−i = (Dx + Fuy)(η−i) + η−(i+1)Hi , i ≥ 1 ,
(10)
where ξi and ηi are defined by (7), Ki are the Laplace invariants of the
equation (1), ai = −Fux −
∑i−1
j=0 Sj . Taking into account
(Dx − bi−1) ◦ (Li)
⊤ = (Li−1)
⊤ ◦ (Dx − bi) ,
Hi−1 . . . H0(Dy − ai) = (Dy + Fux) ◦Hi−1 . . .H0 ,
Hi−1 . . .H0(Dx + Fuy) = (Dx − bˆi) ◦Hi−1 . . .H0 ,
(Dx − bˆi) ◦ (L
⊤)i−1 = (L
⊤)i ◦ (Dx − bˆi−1) ,
where i ≥ 1, M⊤ denotes the formally adjoint to M operator
M⊤ = DxDy − aDx − bDx + c−Dx(a)−Dy(b) ,
4
we deduce from (10)
ηn−1 = (Dy + Fux)(δn−1(p)) ,
ηi = (Dy + Fux)(ξi+1)− (Li+1)
⊤(δi+1(p)) , i = 0, n− 2 ,
η−1H0 = (Dy + Fux)(ξ0)− L
⊤(δ0(p)) ,
η−iHi−1 . . . H0 = (Dy + Fux)(Hi−2 . . .H0ξ1−i)− (L
⊤)i−1(δ1−i(p)) , i ≥ 2 ,
where δi(p) are defined by (9).
Thus, we prove
Proposition 2. IfDy(p) ∈ ImDx, then there exist k such that (L
⊤)i(δ−i(p)) = 0
for all i > k.
Proposition 3. Let the equation (1) admits a symmetry f , fvk 6= 0,
fvi = 0 for all i > k. Then
Dx(fvk) = 0 if k ≥ 1 ;
Dy(Fuy) = Dx
(
fvk−1
kfvk
)
if k ≥ 3 (11) ;
Dy( k
√
fvk(Fu + FuxFuy)) ∈ Im Dx if k ≥ 5 .
Differentiating the relationship L(f) = 0 with respect to vk+1, vk and vk−1
we easily prove this proposition.
It is easy to verify by induction on i that
δ−i(Fuy) = hi−1Hi−2 . . .H0 ,
where hi−1 = (Hi−1)vi, i ≥ 1.
The application of proposition 2 to the canonical conservation low (11)
and the formula (L⊤)i ◦Hi−1 . . .H0 = Hi−1 . . .H0(L−i)
⊤ give
Theorem. If the equation (1) has a symmetry f , fvk 6= 0, fvi = 0 for all
i > k, k ≥ 3, then
(L−k)
⊤
(
hk−1
Hk−1
)
= 0
or
Hi = 0 for some i, 0 ≤ i ≤ k − 1.
Moreover, we can express γui and γvi in terms of ηi and obtain a first order
partial differential system on γ. The compatibility conditions of this system
corresponding to a canonical conservation law give additional integrability
conditions of the equation (1).
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